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ABSTRACT
We estimate the linear complexity proﬁle of m-ary sequences in terms of their correlation measure,
which was introduced by Mauduit and Sárközy. For prime m this is a direct extension of a result of
Brandstätter and the second author. For composite m, we deﬁne a new correlation measure for m-ary
sequences, relate it to the linear complexity proﬁle and estimate it in terms of the original correlation
measure. We apply our results to sequences of discrete logarithms modulo m and to quaternary sequences
derived from two Legendre sequences.
1. INTRODUCTION
The linear complexity proﬁle is an important cryptographic characteristic of
sequences and provides information on the predictability and thus suitability for
cryptography. The linear complexity proﬁle L(ST ,N) over the ring R of a ﬁnite
sequence ST = {s0, s1, . . . , sT −1} ∈ RT is the function which for every positive
integer T N  2 is deﬁned as the shortest length L of a linear recurrence relation
over R
sn+L = cL−1sn+L−1 + · · · + c0sn, 0 nN − L − 1,
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which is satisﬁed by this sequence. It is desirable to have sequences with large linear
complexity for cryptographic applications, see, e.g. [6,11,13].
For a binary sequence of length T
ET = {e0, e1, . . . , eT −1} ∈ {0,1}T ,
the correlation measure C(ET ) of order  introduced by Mauduit and Sárközy in
[9] is deﬁned as
C(ET ) = max
M,D
∣∣∣∣∣
M−1∑
n=0
(−1)en+d1+en+d2+···+en+d
∣∣∣∣∣,
where the maximum is taken over all D = (d1, . . . , d) with non-negative integers
0  d1 < · · · < d and M such that M + d  T . (Note that in [9] actually the
sequences {e′0, e′1, . . . , e′T −1} ∈ {−1,1}T with e′i = (−1)ei , 0  i  T − 1, and the
corresponding deﬁnition of the correlation measure are considered.)
A lower bound on the linear complexity proﬁle L(ET ,N) of a binary sequence
in terms of its correlation measure was estimated in [5] by
L(ET ,N)N − max
1L(ET ,N)+1
C(ET ), 2N  T .
(See also [3].)
In [10] the theory of m-ary sequences (or sequences of m symbols) was extended
from binary sequences and further studied in [1,2,4]. In particular, a relation
between the correlation measures for the most important cases of binary sequences
and quaternary sequences was investigated in [8].
Let m ∈ N,m 2, and let A = {α1, α2, . . . , αm} be a ﬁnite set of m symbols. Let
ET = {e0, e1, . . . , eT −1} ∈ AT
be a sequence of these symbols of length T . For  ∈ N, w = (a1, . . . , a) ∈ A and
D = (d1, . . . , d) with non-negative integers d1 < · · · < d such that M + d  T ,
write
g(ET ,w,M,D) = |{n: 0 nM − 1, (en+d1 , . . . , en+d) = w}|.(1)
Then following [10], the f-correlation measure of order  of ET (‘f ’ for frequency)
is deﬁned as
γ(ET ) = max
w,M,D
∣∣∣∣g(ET ,w,M,D) − Mm
∣∣∣∣,(2)
where the maximum is taken over all w ∈ A and D = (d1, . . . , d) with non-
negative integers 0 d1 < · · · < d and M such that M + d  T .
Another deﬁnition of the correlation measure, which coincides with the deﬁnition
for binary sequences, was also introduced in [10].
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Let Em = {ε1, . . . , εm} be the set of the complex mth roots of unity, and let F be
the set of m! bijections ϕ : A → Em. For φ = (ϕ1, . . . , ϕ) ∈ F and D = (d1, . . . , d)
with non-negative integers 0 d1 < · · · < d write
G(ET ,φ,M,D) =
M−1∑
n=0
ϕ1(en+d1)ϕ2(en+d2) · · ·ϕ(en+d).(3)
Then the Em-correlation measure of order  of ET is deﬁned as
(ET ) = max
φ,M,D
|G(ET ,φ,M,D)|,
where the maximum is taken over all φ ∈ F, and D = (d1, . . . , d) with non-
negative integers 0 d1 < · · · < d and M such that M + d  T .
The connection between the f -correlation measure and the Em-correlation mea-
sure was investigated in [10]. They are ‘nearly equivalent’ by the following relation
1
m
(ET ) γ(ET )
∑
t=1
(

t
)
(m − 1)t(ET ),(4)
see [10], Theorem 2, for   2. For  = 1 we get (4) analogously to the proof of
[10], Theorem 1.
Motivated by [5], we will consider a relation between the linear complexity
proﬁle and the correlation measures for m-ary sequences. If m is a prime, our result
is a straightforward extension of the binary case in [5]. However, for composite m,
we have to introduce a new correlation measure called power correlation measure
and relate it to the original one. In the particularly interesting case m = 4 we obtain
a stronger result using a different proof which seems to be not extendable without
additional ideas. We apply our results to sequences of discrete logarithms modulo
m and to quaternary sequences derived from two Legendre sequences.
In this paper, we always suppose that the m-ary sequences are deﬁned over A =
Zm = {0,1, . . . ,m − 1}, the residue class ring modulo m. However, some of the
results hold true for arbitrary A as well.
2. LINEAR COMPLEXITY PROFILE AND POWER CORRELATION MEASURE
In this section, we deﬁne another correlation measure of order  for m-ary
sequences called power correlation measure. Then we present our main result,
a lower bound on the linear complexity proﬁle in terms of the power correlation
measure.
Let m 2 and the complex number ω = exp(2πi/m), where i = √−1, and thus
Em = {ωj : 0 j m − 1}. For c ∈ {1,2, . . . ,m − 1} we deﬁne μc :Zm → Em by
μc(z) = ωzc, z ∈ Zm.(5)
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We note that μc ∈ F if and only if gcd(c,m) = 1, where F denotes the set of m!
bijections ϕ :Zm → Em. Let
F ′ = {μc: c = 1,2, . . . ,m − 1}.
Now we deﬁne the power correlation measure of order  of the m-ary sequence
ET = {e0, e1, . . . , eT −1} ∈ ZTm by
′(ET ) = max
φ,M,D
|G(ET ,φ,M,D)|,
where the maximum is taken over all φ = (μc1 , . . . ,μc) ∈ F ′, D = (d1, . . . , d)
with non-negative integers 0  d1 < · · · < d and M such that M + d  T , and
G(ET ,φ,M,D) is deﬁned by (3).
Theorem 1. Let m 2 and any sequence ET = {e0, e1, . . . , eT −1} ∈ ZTm. For 2 
N  T , we have
L(ET ,N)N − max
1L(ET ,N)+1
′(ET ).
Proof. Put L = L(ET ,N) and choose c0, c1, . . . , cL−1 ∈ Zm such that
en+L = cL−1en+L−1 + · · · + c0en, 0 nN − L − 1.
Putting cL = −1, we get
1 = ωcLen+L+cL−1en+L−1+···+c0en, 0 nN − L − 1,
and hence
N − L =
N−L−1∑
n=0
ω
∑L
i=0 cien+i .(6)
Let μc be as in (5). Then we derive from (6) that
N − L =
N−L−1∑
n=0
μc0(en)μc1(en+1) · · ·μcL(en+L).
The sum on the right-hand side can be estimated by max1L+1 ′(ET ), which
yields the desired result. 
According to the deﬁnition of the power correlation measure of order , we have
F ′ ⊂ F for prime m and thus
′(ET ) (ET ),  1, if m is prime.(7)
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Corollary 1. For all prime m and any sequence ET = {e0, e1, . . . , eT−1} ∈ ZTm, we
have
L(ET ,N)N − max
1L(ET ,N)+1
(ET ) for 2N  T .
However, (7) is not true for composite m, as the following example shows.
Example. Let 1 < d < m be a non-trivial divisor of m and consider a sequence
ET over {0,m/d,2m/d, . . . , (d − 1)m/d} (⊂ Zm) with Ed -correlation measure (and
thus Em-correlation measure) (ET ) T − . (Note that most sequences have this
property.) Then we have
T−∑
n=0
μd(en)μd(en+1) · · ·μd(en+−1) = T −  + 1
and thus ′(ET ) = T −  + 1 > (ET ).
It seems that Corollary 1 cannot be extended to the case of composite m either.
However, we can estimate ′(ET ) in terms of (ET ). We ﬁrst consider the case
m = 4, where we are able to prove a stronger result than in the general case.
3. LINEAR COMPLEXITY PROFILE FOR QUATERNARY SEQUENCES
Proposition 1. For m = 4 and any quaternary sequence ET = {e0, e1, . . . , eT−1} ∈
Z
T
4 , we have
′(ET ) 2/2(ET ),  1.
Proof. For φ = (μc1 , . . . ,μc) ∈ F ′ and D = (d1, . . . , d) with non-negative inte-
gers 0 d1 < · · · < d, we consider the terms
μc1(en+d1)μc2(en+d2) · · ·μc(en+d)(8)
in G(ET ,φ,M,D). One can easily verify that
ε2 = (1 − i)τ (ε) + (1 + i)τ (ε)
2
, ε ∈ E4 = {1, i,−1,−i},
where τ is the transposition −1 ↔ i of E4 and x denotes the complex conjugate of
x. So with μ(z) = iz for z ∈ Z4 we have
μ2(en+dj ) =
(1 − i)τ (μ(en+dj )) + (1 + i)τ (μ(en+dj ))
2(9)
= 1 − i
2
(τ ◦ μ)(en+dj ) +
1 + i
2
(τ ◦ μ)(en+dj ).
We note that μ is a bijection belonging to F , so are τ ◦ μ and τ ◦ μ.
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Now we return to (8). Suppose there are k ( ) many 1 j   such that μcj =
μ2, so using (9), we can represent (8) as the sum of 2k summands of the form
ξϕ(1)(en+d1)ϕ
(2)(en+d2) · · ·ϕ()(en+d),
where all ϕ(n) ∈ {μ1,μ3, τ ◦ μ,τ ◦ μ} ⊂ F and ξ is a complex number of the form
( 1−i2 )
u( 1+i2 )
k−u with |ξ | = 2−k/2. So we estimate
|G(ET ,φ,M,D)| =
∣∣∣∣∣
M−1∑
n=0
μc1(en+d1)μc2(en+d2) · · ·μc(en+d)
∣∣∣∣∣
 2k max
∣∣∣∣∣
M−1∑
n=0
ξϕ(1)(en+d1)ϕ
(2)(en+d2) · · ·ϕ()(en+d)
∣∣∣∣∣
 2k/2 max
∣∣∣∣∣
M−1∑
n=0
ϕ(1)(en+d1)ϕ
(2)(en+d2) · · ·ϕ()(en+d)
∣∣∣∣∣
 2/2(ET ),
which yields the desired result. 
Corollary 2. For any quaternary sequence ET = {e0, e1, . . . , eT−1} ∈ ZT4 and 2
N  T , we have
L(ET ,N)N − max
1L(ET ,N)+1
2/2(ET ).
4. LINEAR COMPLEXITY PROFILE FOR m-ARY SEQUENCES WITH COMPOSITE m > 4
For composite m > 4, we have the following relation between the power correlation
measure and the Em-correlation measure.
Proposition 2. For all composite m > 4 and any sequence ET = {e0, e1, . . . ,
eT−1} ∈ ZTm, we have
′(ET )m
∑
t=1
(

t
)
(m − 1)t(ET ),  1.
Proof. We will prove
′(ET )mγ(ET ),
where γ(ET ) is the f -correlation measure of order  of ET . The proof follows the
path of [10], Theorem 2.
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For all φ = (μc1 , . . . ,μc) ∈ F ′, M and D = (d1, . . . , d) with non-negative
integers 0 d1 < · · · < d and M + d  T , using (1) and (2) we have
|G(ET ,φ,M,D)|
=
∣∣∣∣∣
M−1∑
n=0
μc1(en+d1)μc2(en+d2) · · ·μc(en+d)
∣∣∣∣∣
=
∣∣∣∣∣
∑
(a1,...,a)∈Zm
|n : n < M,(en+d1 , . . . , en+d) = (a1, . . . , a)|μc1(a1) · · ·μc(a)
∣∣∣∣∣
=
∣∣∣∣∣
∑
(a1,...,a)∈Zm
g
(
ET , (a1, . . . , a),M,D
)
μc1(a1) · · ·μc(a)
∣∣∣∣∣

∑
(a1,...,a)∈Zm
∣∣∣∣g(ET , (a1, . . . , a),M,D)− Mm
∣∣∣∣
+ M
m
∣∣∣∣
∑
(a1,...,a)∈Zm
μc1(a1) · · ·μc(a)
∣∣∣∣

∑
w∈Zm
γ(ET ) + M
m
∣∣∣∣
(∑
a∈Zm
μc1(a)
)
· · ·
(∑
a∈Zm
μc(a)
)∣∣∣∣
= mγ(ET ) + M
m
∣∣∣∣
(∑
a∈Zm
μc1(a)
)
· · ·
(∑
a∈Zm
μc(a)
)∣∣∣∣.
On the other hand, since Em = {1,ω,ω2, . . . ,ωm−1} with ωm = 1, for each μc ∈ F ′
we have
∑
z∈Zm
μc(z) =
m−1∑
z=0
(
ωc
)z = 1 − ωcm
1 − ωc =
1 − (ωm)c
1 − ωc = 0.
So we get
′(ET )mγ(ET ),
together with (4), we obtain the desired result. 
By Theorem 1, we have the following bound on the linear complexity proﬁle in
terms of the correlation measure (ET ).
Corollary 3. For all composite m > 4 and any m-ary sequence ET = {e0, e1, . . . ,
eT−1} ∈ ZTm, we have
L(ET ,N)N − max
1L(ET ,N)+1
m
∑
t=1
(

t
)
(m − 1)t(ET )
for 2N  T .
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5. APPLICATIONS
In [10], Mauduit and Sárközy introduced a ‘good’ construction, which is presented
below with a slight modiﬁcation, of sequences of discrete logarithms modulo m.
Let p be a prime and Fp the ﬁnite ﬁeld of p elements. Let g be a generator of F∗p .
Then for m|p − 1(m > 1), the m-ary sequence Sp−1 = {s1, . . . , sp−1} is deﬁned by
sn = k if n = gmj+k, n = 1,2, . . . , p − 1,
for some integer j and k ∈ Zm. With notations of n, k as above, let χ(n) =
exp(2πik/m) be a multiplicative character of order m of Fp . Then we consider
′(Sp−1) by estimating
M−1∑
n=0
μc1(sn+d1)μc2(sn+d2) · · ·μc(sn+d)
=
M−1∑
n=0
χ
(
(n + d1)c1(n + d2)c2 · · · (n + d)c
)
,
where (μc1 , . . . ,μc) ∈ F ′. Using the standard method for reducing incomplete
character sums to complete ones [7], Section 12.2, and the Weil bound [12],
Theorems 2C and 2G, to estimate the complete sums, we get
′(Sp−1) 
 p1/2 logp,
and hence
L(Sp−1,N) = 
(
N
p1/2 logp
)
, 2N  p − 1,
by Theorem 1.
Another example, where a direct application of Theorem 1 is more complicated
and does not give a better bound than applying Corollary 2, is the quaternary
sequence studied in [8], Section 4.
For a prime p > 2, two binary sequences {e0, e1, . . . , ep−1} ∈ {0,1}p and
{f0, f1, . . . , fp−1} ∈ {0,1}p are deﬁned by using the Legendre symbol as follows
en =
⎧⎨
⎩0, n = 0 or
(
n
p
)
= 1,
1, otherwise,
and
fn =
⎧⎨
⎩0, g(n) = 0 or
(
g(n)
p
)
= 1,
1, otherwise,
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for 0 n p − 1, where g(X) = (X + 1)(X + 2)(X + 22) · · · (X + 2D−1) ∈ Fp[X]
with deg(g) = D =  logplog2 . Then the quaternary sequence Sp = {s0, s1, . . . , sp−1} ∈
Z
p
4 is deﬁned by
sn =
⎧⎪⎪⎨
⎪⎪⎩
0, if (en, fn) = (0,0),
1, if (en, fn) = (0,1),
2, if (en, fn) = (1,1),
3, if (en, fn) = (1,0),
for 0  n  p − 1. (Note that in [8] actually the corresponding sequences e′n =
(−1)en , f ′n = (−1)fn and s′n = isn are considered.) Then for 2 − 1D  logplog2 , we
have
(Sp) 
 D2/2p1/2 logp,
see [8], Subsection 4.1, for details. Let L = L(Sp,N), by Corollary 2 we have
N 
 LD2Lp1/2 logp,
if 2L + 1D. Hence with L logp2 log2 − 1 we get
N 
 2Lp1/2(logp)3,
which leads to
L(Sp,N) = 
(
log
(
N
p1/2 log3 p
))
,
where 1N  p.
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